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Statistical properties of multicomponent inhomogeneous media are investi - 
gated , A general definition of the concentration and coordinate functional 

structure of central moment functions of material characteristics is presented, 

ft is established that such functional structure is highly sensitive to differences 
in statistical properties of components, The class of symmetric media for 
which central moment functions are greatly simplified are considered, 

1. The term material characteristics, as used here s comprises quantities of the type 
of tensors of the elasticity modulus, of permittivity and, also, scalars such as density , 
specific heat, etc. For simplicity of presentation tensor indices of material character- 

istics are almost everywhere omitted. 
Let there be a random tensor field h (r) (for instance, of elasticity moduli > , I%- 

tending the characteristic functions derived in [ 1,2] for two-component media to the 
case of arbitrary number of components, we obtain 

( 1, rEU$, i=bj 

fi (4 = 
i 

O, r rf ‘i, in ui = ’ (1.1) 

where Ui is the region occupied by the i -th component and N is the number of com- 
ponents. The characteristic function f, for the first component is determined by the 
obvious equality 

N 

(1.2) 

The separation of the first component is not due here to any specific reason. We 

shall, however, always have in view the matrix medium in which a particular part is 
played by at least one component-matrix, as the simplest example of such medium (I 

Using (1.1) we define the random field k (r) by the formula 

h (r) = AI + ii Ahifi (r) z & i_ Alibi, A& E hi - h, Cl.31 

where & is the value of h for the f-th component. 
The fluctuation h” of field 3L is 

h”(r) = A&fi” (r), z’ (r) z 2 (r) - (z(r)) (1.4) 

where angle brackets denote statistical averaging. 
The random field h (r) may be specified either by moment or central moment 

functions of various orders. The moment function of order o.r of field & is by definition 

of the form [3,4] 
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For the central moment function of order 0 we correspondingly have 

~l,(R,)-_([hN(r~)01~1..,[h”(rn)~)l~”>, u==ilmJ (1.6) 

In (1.5 ) and (1.6) the symbol @ denotes a direct tensor product. 
It is readily seen [ 5 ] that the use of characteristic functions fi makes it possible 

to reduce the calculation of n/p, to the determination of function 

PG_.,,(Rg+.*k) = (fi (rl) fj (rf) . . . fr (r”)), Rf$m’.k E (r:, r,j, . . ., rnk) (1. ‘l j 

which has the meaning of probability that points rli, rj, , * . ., rnk belong, respec- 
tively , to regions Uf, Uj, . . ., uk, where i, 1, . . , , k # 1. The additionalsuper- 
script at the radius vector indicates the region to which the respective point belongs. 

The introduced function was similarly investigated in [ 21 in the case of two-component 
medium. 

The probability Pn !)...k is invariant with respect to the simultaneous permutation 
of coordinates of points and of indices. Furthermore they have the following properties : 

(1.8) 

where the vertical stroke separates the groups of points Rqij..J and Rz:ik which 
are at infinitely great distances from each other ; the total number of indices ii . . .I 
is 4, and the number of indices E. . .I and ?YZ . . .k, and also the number of vari- 

ablesr,...,r is(n-q). 
Below we assume that the field fi (r) is statistically homogeneous and isotropic, 

because of which unction Pz._.lc are invariant with respect to translations and ro- 

tations. Hence 
N 

Pi1 (rli) = ui, 7.q = Vi/V, V = 2 F’; (1.9) 
i=l 

where Vi is the volume concentration of the i - th component. 

Using (1.8 ) we similarly represent Piis in the form 

Pij2 (rl*, rd) = Ci6jjC$02 (rli, rzj) -+- ViUj~~2 (rli, ri), i, i # 1 (1.10) 

where, as in (1.8 ) summation is not carried out with respect to the twice occuring in - 
dices s and functions cppa satisfy conditions 

~2 (rf, r,t) = rf12 (rli 1 raj> = 1, rpe2 (r? 1 rai) = 91% (rli, r?) = 0 (f. 11) 
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If certain constraints are imposed on field fi (r) , functions ‘~~2 can be obtained 
in explicit form [ 5 1. 

Extending (1.10 ) to the case of arbitrary )z in the notation of (1.8 ) we have 

n-1 
J’;,,,,(Rz...k) = 3 8 U;j,,,k.Q” (R;...‘; E’nml;.‘) (1.12) 

un q=o 

P”=l, i,j...,k#l 

N 

vfj...k = ViVj * * . Vi 2 Vphnp * - *dkp? 
Rz...k = (@...‘,~;;.$j 

p=2 

where functions ‘ppn have q separated points, and summation is carried out over all 

nonidentical permutations of a, , i. e. of the first TZ (in this case of all) points with 
simultaneous permutation of respective indices. The asymptotic formulas for these 

follow form (1.8 ) and are of a form similar to (1.11) . 
Note that function $-:-l does not contain the separated point. 
In the opposite case, taking into account the total symmetry of V$...k = ViVj 

. . . Vk, they are symmetrized owing to the action of U,. 
As an example, we adduce the formula for the three-point probability 

N 

(1.13 > 

q13 (qi; r2J1 r3k) vi 8 vpdjp6kp + 
p=2 

N 

R3 (r2j; rgk, rli) uj 2 Vp&p& + 
p=2 

N 

q13 (r3k; rli, r?‘) vk 2 Vp6ip6jp + ViVjVk(ps3 (rli7 r,i, rsk) 
p=2 

Functions ‘pqn introduced in (1.12) can be associated with various probabilities. 

Thus, for instance, the probability that point rli belongs to region us, while points 

rs 1 and r3k belong to region U3, according to (1.13), is 

p&s (Rs) = VzV3(p1~ (G; r2, 13) + v2v3v3(P23 (R3) (1.14) 

and simultaneously function spas determines the probability that all three points be- 

long to different regions 

p&4 (R3) = u2u3v4(P23 (R3) (1.15) 

In addition to probability Ps...k, which has the meaning of the n-th order mo- 
ment of field fi, it is expedient to introduce in the analysis its central mOment 

TG...k(R?“‘k) = (f~(rl*)fio(r~). . . f/(r,F)) 

related to Pz...k by the formula 

T;...k(Rjj...k) = 3 5 (- Ijqvivj . . . VIP:;,: I( (x2, k, 
o,, a=0 

(1.16) 

(1.11 > 
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The summation in (1.17 ) over permutations of n points results in the appearance 
of Nk = n! / [k! (n - k)!] terms of the form UiL’j.. . .@?!.L whose dependence 
on coordinates is determined by the respective set of (n - q) points from the full set 
of n points. 

The calculation of central moments p. reduces to the determination of functions 
T;...k. 

2. We transform functions P&..k and Tc...lc so as to obtain their explicit ex- 
pressions in terms of dispersion D;... k of the characteristic function fi- By dispersion 

DS,..r we understand the value of functions Tt...kwhenrri = 123 = 

i.e. when R:...k = 0. 

k 

Taking into account that according to (1.7 ) or (1.12 ) 

from (1.17 ) with allowance for definition (1.12 ) we obtain 
* 

D” ij...k~T~j...k(O)=~ 2 (- l)q~~j...k 
a, q=o 

. . = r, ) 

(2.1) 

(2.2 1 

In what follows we shall need functions 

(2.3 ) 

qn (R,; En-q) = H fgo (-- l)‘r~;l-~+~ (rq-t+l, . . ., rq;lLq) 
a 

To” = Zl 1 = ‘Cn -0 n-1 - 
where in order to avoid clumsiness of formulas superscripts at radius vectors are omitted. 

Functions (2.3 ) satisfy certain limit conditions implied by (1.8 ) in the meaning of (1.11). 
From this, for instance for n = 2 , we have 

no2 (&I = 20’ (Rz) = ‘po2 (R,), nz2 (R,) = cpoa (R,) + ‘pr2 @a) 
rza (R2) = no0 - 3t11 (rl) - xl1 (r2) + nz2 (R,) = 3122 (R,) - 1 

(2.4) 

Using (2.3 ) functions (1.12 ) and (1.17 ) can be reduced to the form 

(2.5) 

The advantage of formula (2.5 ) over (1.12 ) and (1.17 ) is in that in it dispersions 
of the characteristic function appear in explicit form, which is particularly convenient for 
the calculation of PO. Below we consider central moments &,, in the case when all 
0, = 1. 

Using the definitions (1.4), (1.6)) and (1.16) we obtain 

pll...l (R,) z p, (RR) = Tb...k (Rz.““) Ah, @ Ahj 6 e e .@Ahk (2.6 1 



574 A.G.Fokin 

where summation with respect to indices i, j, . . . , k, which denote the component 
ordinal numbers, is assumed to be from two to iv. The substitution into this formula 
of the expression T~...B in (2.5 ) yields 

(2. ‘1 ) 

D z<y.hAhi @ Ahj @ . 1 s @ Ahk~p~ (R~..“;RE&.“) 
We use (2.7 ) for defining the second order central moment of the tensor field aa, 

where a is to be understood to represent the totality of tensor indices of field h. From 

(2.7 ) we have 

Because summation in formulas (2.7) and (2.8) is carried out with respect to co - 
ordinates, the dependence of central moments of field ?L on coordinates and tensors is 

not separated. It should also be noted that functions ‘rgn, as well as functions qQn, 
depend not only on coordinates of points which determine the dependence of P,, on co- 
ordinates but, also, on that to which components belong the points contained in rlln. 

Thus in the general case T;~ (rrr, rzi) # rz2 (rlj, rsi),when i # j. 

The dependence of rpn on component indices may be due to their differences re- 

lated to the spatial distribution and to the shape of regions occupied by components. 
Fur~ermore it may be due to ~complete definition of the dependence on concentration 
by coefficients viuj . , .QL)%~:_~ in (2.5). 

Let the considered medium be such that function $” is symmetric with respect 

to permutations of indices of components when the position of points rr, rs, . . . , r, is 
fixed. Functions rpn then satisfy the condition 

(2. Q> 

which we shall call the condition of symmetry. It results in that the differences in 

statistical properties of all components, except the first, reduce in conformity with (2.5 I 
to their concentration. A similar condition can also be formulated for functions 3tq”. 

Condition (2.9) considerably simplifies the expression for the central moment &. 

The substi~tion of (2.9) into (2.7 ) yields 

(2.10) 

(h,” _ - ViAhi, 0~‘~ ~1, (0)) 

where the first of equalities appearing in parentheses follows from (1.4 > . The super- 
script at CL,, is shown here for stressing the importance of the first component. A medium 
that satisfies conditions (2.9) and (2.10 ) is called below almost symmetric. 

The described above determination of function pnt obtained with the use of char- 
acteristic function (1. l), may also be effected by using functions of the form 

(2.11) 
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Function (2.11) defines the same medium as function (1.1) , hence the result of 
calculating h must evidently be the same. However in order to represent &I in the 
form (2.7 ) it is necessary to bear in mind that functions ‘Cqn are, generally speaking, 
different, Ali = 3Li - k p, and summation with respect to subscripts i, j, . . . , k 
excludes the p -th component. 

In the case of almost symmetric medium the calculation of PTI by (1.1) yields 
(2.10 ), while the use of (2.11) leads to an expression of the form (2. ‘7 ) , Hence when 
the medium contains a component whose statistical properties differ from the remaining 
it is important to properly select the characteristic function, This must be done so that 
the separated component would have that s~gula~ty . 

Let now the medium be such that condition (2.9) is satisfied for functions ‘Gr” 
determined by (1.1) , as well as by (2. I.1 ) . Then instead of (2.9 ) we have 

&) (R,) = x i [hi” @,I* Di?/cqn (Rq; &mq), i==l-+N (2.12) 
on q=o 

A medium for which the central moment can be represented in the form (2.12 ) is 
called symmetric, For such medium the use of the superscript is devoid of any meaning. 

Taking into account that any of I$ can be taken as pn, we write 

pn (Rn) = &d’(Rn) = ccln(Rn)) 

The substi~tion into that formula of (2,12) yields 

(2.13) 

Functions T&k, that correspond to (2.13 ) are of the form 

T~.,.~(R~) = ~~~*~~~...*~~~.~~~~(a,; k& rs2 = 0 
?I 

(2.14) 

It can be shown that -rse is zero by using the condition implied by (2.13) similar 
to (2.9) imposed on %a%. 

For n = 2, 3, 4 for the tensor field ?L@ from (2.13) we have 
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The explicit form of functions G” was obtained in E 5 f in the course of anaiysis 
of a random tensor field of the Markovian type. In ~rnrna~~~g the obtained resuits it 

is necessary to stress that the invariance (either partial or total) of the medium with 
respect to inversion (of all ar a part ) of components leading to (2.13 ) or (2.12 ) con- 
siderably simplifies the form of central moments and their dependence on concentration 

and coordinates. (Inversion of components i and j is denoted by i +-+ i and implies, 
first, their transposition in space and t second, the substitution uf c+ nf.) 

3. Let us consider the case of the two-component medium. Formulas obtained in 
Se&, 1. and 2 are simplified I since everywhere I where the first component is taken as 
the separated one, it is necessary to use the snbsti~tion i = i = . - . = k = 2, 
which makes it possible to completely discard these subscripts, 

Thus ) for instance, from f I, 7 ) we have 

where P, has the meaning of the probability that all of the n points belong to region 
Us occupied by the second component, Formulas (2.5 ) assume the form 

It follows from this that in the case of a two-dimensional medium the results cor- 

respond to the almost symmetric N-component medium, However the determination 
of central moments by (3.2 ) yields results that are substantially different from those de- 

rived by using (2.10 ). 
In fact, using (2.6 ) we have 

&) (R,,) = T$ (R,) IL% @I”, Ah==&-& (3.3 ) 

where, as before, the superscript indicates that the first component is taken as the sepa- 
rated one. The singularity of (3.3 ) is due to that in it the dependence on tensors is 

separated from the dependence on coordinates. The first of these is determined by ten- 

sor [A?@]” and the second by function T,(l) (R,). Thus the form of central moments 

(3.3 ) with separated dependence on tensors and coordinates must be considered as spe- 
cific to two-component media. A formula similar to (3.3 ) was obtained in the paper 
(*) in which a mixture of two isotropic components was considered n 

* ) Moskalenko , V. N. and Maslennikov e S l A. , Properties of correlation functions of 
characteristics of micro- ~nhomogeneous material. Collection : Problems of Reliability in 
Structural Mechanics. Theses of proceedings of the All-Union Conference, Vii ‘nius , 
1971‘ 
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Let us consider the symmetric medium in more detail. The transition from (I.. 1) 
to (2.13 ) in the case of a two-component medium is effected by the substitution 

f(12) (r) = 1 - fs (r), r?‘“(r) = -- fa" (r) (3.4) 

which makes it possible to express functions P,@) and Tnt2) determined with the use 
of ji”) , in terms of P,(r) and T,(l) , respectively, as follows : 

~2’ (R,) = 2 2 (- 1)” Pfi” (R,), rg’ (R,, > = (- f)“T$? (3.5) 
un p=o 

Functions @) and $r’,,(n appearing in the right-hand sides of (3.5 ) are deter - 

mined according to (3.2 ) I in terms of the second component concentration us and of 
functions s&r” and ‘cB whose properties are determined by the random field Is(r). 
Functions P,(a) and Z’,,(s) can be expressed in the form (3.2 ). Then in the case of a 

symmetric medium functions &rn and ‘Gn remain unchanged in virtue of ( 2.9), 

i. e. differences in component properties depend only on their concentration, while 
functions Pnt2) and J”,(I) are determined by formulas (3.2) in which ~1 = I-- us 

must be substituted for us . We denote by pnW and T,(r) functions P,(l) and LT,(s) 

in which inversion 2 +-f 1 has been effected. We then have 

pg’ = p?), TF) = T$ (3.6) 

which with (3.5 ) yields 

p$’ = 2 5 (_ i>q pY’, T2’ = (- 1)” Tit’ (3. ‘7 ) 
Bn Q=o 

Formulas (3. ‘7 ) obtained as the corollary of the symmetry condition make it pos - 

sible to simplify functions P, and T,, which eventually results in functions T, being 

of the form (2.14). 
Using (3. ‘7 ) we shall show that rs2 = 0. When n = 2 we have for function Ii, 

T(,1) c II&s + v12zs2 zzz Dgo2 + v~“z~~ = Tf;” (3.3) 

from which I owing to ~1 # 2% , we obtain the sought result. 
It will be seen from (3.8 ) that the difference between symmetric and arbitrary in- 

homogen~us media become apparent already in the calculation of functions Tz . Pro- 
perties of the first case medium are invariant with respect to component inversion 1 +-+ 2, 
hence -cs2 = 0 , while in the second 7sz # 0. Let the second medium be a matrix 

one. Denoting function Tz in the first and second cases by TzS and T,'? respectively, 
we write 

Tz”‘(Rz) - Tz”(R,) = v.32z22 (R,) 

Since according to (1.11) and (2.4) function ‘Cs2 vanishes when rr = rsand 1 rl - 

r2 1 --f cc, the observed discrepancy can only appear in the intermediate region. For 
Markovian type media [ 5 ] function 7s2 is everywhere zero, 

A two-component medium considered in [ 2 ] satisfied the property 

(3.9) 
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and was called symmetric. It will be seen that the concentrations of both components 
is then equal ‘i,‘8. Furthermore, in virtue of (3.5) and (3.9) functions P2m-I-1 reduce 
to linear combinations of functions P, where n d2m, and Tsm+~ vanish. Conditions 
(3.9) are the limit case of (3.6)) since for ~1 = ~2 = r/s and fulfilment of the sym - 

metry conditions (3.6) converts to (3.9). 

The requirement for identity of statistical properties of components of medium 
(3.9) substantially limits the class of media considered here, Conditions (3.6 ) , on the 
other hand, represent the extension of the symmetry concept introduced in [ 2 ] to a 
wider class of two-component media, and conditions (2,Q) extend it further to media 

with an arbitrary number of comp~en~ , 
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